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Abstract
As applied to quantum theories, the program of renormalization is
successful for ‘renormalizable models’ but fails for ‘nonrenormalizable
models’. After some conceptual discussion and analysis, an enhanced
program of renormalization is proposed that is designed to bring the
‘nonrenormalizable models’ under control as well. The new principles
are developed by studying several, carefully chosen, soluble examples,
and include a recognition of a ‘hard-core’ behavior of the interaction
and, in special cases, an extremely elementary procedure to remove the
source of all divergences. Our discussion provides the background for
a recent proposal for a nontrivial quantization of nonrenormalizable
scalar quantum field models, which is briefly summarized as well.
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Introduction
Renormalization has been a very successful paradigm for dealing with an
important class of quantum theories. Its basic principles are easily stated:
The parameters of a classical theory are different from those of a quantum
theory because of additional self interaction that arises in a quantum the-
ory. In practical terms, the interacting system is commonly treated as a
perturbation of a free system, and the power series in the nonlinear coupling
often displays divergent terms that need to be canceled and counterterms of
a suitable nature are introduced to do just this. If a finite number of distinct
counterterms can be found so that every term in the power series expansion
is rendered finite, then the theory is called renormalizable, and many such
theories have had highly successful applications and in several cases have led
to astonishingly accurate predictions when compared to experimental mea-
surements. This aspect of the program of renormalization is considered to
be a resounding success and deservedly so. It is natural of course that a
successful program such as renormalization has also been proposed to study
a wider class of theories than its proponents originally intended, and this is
indeed the case. A certain family of field theories fall into the class of being
“nonrenormalizable”, an attribute that asserts that the procedures usually
ascribed to the program of renormalization are unsuccessful in dealing with
certain model problems. If such examples were confined to esoteric models
with no potential application to the real world, it would be permissible to
ignore those models that are classified as nonrenormalizable. But that is
not the case. The most famous example corresponds to the Einstein grav-
itational field for which the general consensus is that quantum gravity is
perturbatively nonrenormalizable. Since the standard procedures of renor-
malization have failed for such an important case, there have been proposed
elaborate alternative theories that entail additional fields or degrees of free-
dom that are designed to produce a theory that is term-by-term finite within
a perturbation analysis. Superstring theory is one such program, and N = 8
supergravity is another. In so doing, these alternative theories have intro-
duced additional fields, which, thanks to the differing properties of fermions
and bosons can lead to cancellations among the old, divergent contributions
of the original theory and well chosen, new, divergent contributions from
the carefully selected additional fields. This general approach is sufficiently
broad that it would seem to cover all possible situations regarding how inter-
actions and auxiliary counterterms can appear and interact with each other.
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However, there is one important class of models that is in practice not cov-
ered by the preceding characterization. Admittedly, it is not obvious where
one should look if such an overlooked class of examples is to be found. A clue
to the overlooked class emerges if we recall that the traditional procedures
of regularization and renormalization entail the implicit assumption that if
the perturbative interaction is reduced in strength, say by the usual device
of reducing the value of the associated coupling constant, then, in the limit
that the coupling constant vanishes and the effect of the interaction is for-
mally eliminated, the resulting theory in the limit of a vanishing coupling
constant is identical to the free theory with which one started. Stated oth-
erwise, and perhaps more directly, this is the implicit assumption that the
set of interacting theories defined as the set that is produced for all nonzero
(typically positive) values of the coupling constant is such that as the cou-
pling constant goes to zero, the limit of that set of interacting theories is the
free theory itself, i.e., the interacting theories are continuously connected to
the free theory. This highly natural, implicit assumption covers a lot of the
important cases but it certainly does not cover all possibilities some of which
may have some ultimate physical relevance. It is an important feature of
this paper that we focus on these outlier model theories, which are typically
nonrenormalizable models.
Overview of the Present Paper
The features ascribed to the renormalization program are not limited to
quantum field theory but also arise in quantum mechanical analogues. As
such, one can gain real insight into the distinction among super renormal-
izable, strictly renormalizable, and nonrenormalizable models. A common
feature of the latter theories is the occurrence of a hard-core potential. From
a (Euclidean) functional integral viewpoint, the nonlinear interaction acts
partially as a hard core projecting out certain paths that would otherwise
appear in the free theory. This fact – which we believe is a defining charac-
teristic for a large class of nonrenormalizable interactions – means that an
interacting theory is not continuously connected to the free theory as the
coupling constant is reduced to zero. This property of the quantum theory is
also seen in the classical theory itself by the fact that, generally speaking, the
set of solutions of the interacting classical theory does not reduce to the set of
solutions that characterizes the free solutions. This aspect will be illustrated
for particle systems as well as field systems.
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The full dynamics of a classical system involves the action functional and
its stationary variation to derive the equations of motion. In a (Euclidean)
functional integral formalism, the classical action again plays an important
role in the quantum dynamics. Regularization is essential in order to give
a functional integral meaning, and it is customary to use a lattice approxi-
mation for the time for particle mechanics or for spacetime for field models.
The lattice action induces a lattice Hamiltonian operator and in turn a lat-
tice ground state for that Hamiltonian. It is natural that a model can be
characterized by either the action, the Hamiltonian, or the ground state. It
is important to remark that we focus heavily on the ground state in our
analysis. When we take up the discussion of field problems, we will present
an argument that shows an important role that the ground state plays.
However, before dealing with fields, we wish to illustrate how the issue of
renormalization arises in elementary one dimensional examples.
One Dimensional Example
Consider a classical system for a single, phase space, degree of freedom (p, q)
with a classical Hamiltonian given by
Hλ(p, q) =
1
2
(p2 + q2) + λ|q|−α .
For any α > 0, it follows, just from energy considerations, that the motion
of the particle can never be such as to reach the origin q = 0 let alone
pass through the value q = 0. This situation holds for all values of the
coupling constant λ > 0, and as a consequence, as λ→ 0, the set of classical
solutions of the interacting theory do not correspond to the set of classical
solutions of the free theory, namely, that of the free harmonic oscillator given
by q(t) = A cos(t − a). Specifically, for any choice of the amplitude A and
the phase a there will be for every solution of the free theory a time t for
which the solution vanishes and even crosses the line q = 0. In contrast, the
solutions of the interacting theory for which λ > 0, all pass by continuity to
solutions not of the free theory but to those which are rectified in the sense
that they are of the form q(t) = ±|A cos(t− a)| and are all strictly different
over time from the usual free theories. We give the name pseudofree to the
name of the theory, different from the free theory, to which the interacting
theory is continuously connected as the nonlinear coupling constant goes to
zero. Clearly, if one reintroduces the interaction starting from the pseudofree
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theory, the form of the new solutions is indeed continuously connected to that
of the pseudofree theory.
The easiest way to characterize the pseudofree quantum theory is by its
Hamiltonian which is the same as that of the free harmonic oscillator aug-
mented by Dirichlet boundary conditions at x = 0. If one were contemplating
a perturbation series representation of the interacting solution, that power
series should not be about the free theory (to which the interacting solutions
are not continuously connected!) but rather about the pseudofree theory.
Regarding the quantization of such a model, there are some surprises that
can arise. For example, when 0 < α < 1, it follows that the interacting quan-
tum solution is in fact continuously connected to the free quantum theory
unlike the situation for the classical case. For α > 2, on the other hand, there
is no modification of the theory that can be made to prevent the theory from
passing to a pseudofree theory as the parameter λ → 0. In other words, for
α > 2, the interacting quantum theory passes to a pseudofree theory with a
set of eigenfunctions and eigenvalues that are generally different from those
that characterize the free theory. What happens in the interval 1 ≤ α ≤ 2 is
quite interesting and to some extent open to different conclusions. With an
eye toward maintaining a continuous connection of the interacting theories to
the free theory, it is possible to choose a regularized form for the interaction,
namely, a set of potentials of the form Vǫ(q, λ) that have the property that
as ǫ→ 0, the regularized potentials
Vǫ(q, λ)→ λ|q|−α , q 6= 0 .
These regularized forms of the potential are rather strictly constrained and
they involve polynomial contributions in the coupling constant λ. It is not
difficult to determine the general form of the regularized potential simply
on the basis of dimensional arguments. In particular, the dimensions of the
Hamiltonian are those of the first term p2, and taking Planck’s constant
~ = 1 for the present time, the dimensions are that of L−2 where L denotes
the dimension of length. With the regularization parameter ǫ > 0 entering
initially in the interaction as
λ|q|−α → λ(|q|+ ǫ)−α ,
it follows that the dimension of ǫ, like q, is L. In order that the interaction
terms have the right dimensions, i.e., L−2, it follows that the dimension of
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λ is that of Lα−2. For regularization terms we restrict ourselves to terms of
the form
kjλ
j ǫ−pj δ(q) ,
where δ(q) is a Dirac delta function. With kj chosen as an unknown dimen-
sionless factor, and since δ(q) has dimensions L−1, it follows that the power
pj = 1 − (2 − α)j in order to ensure that the regularization terms above
each have the desired dimension of the Hamiltonian, namely L−2. Hence the
regularized form of the potential is given by
Vǫ(q, λ) = λ(|q|+ ǫ)−α −
J∑
j=1
kj λ
j ǫ(2−α)j−1 δ(q) .
The factor J denotes the upper limit of the sum which occurs whenever
(2 − α)−1 is nonintegral and (2 − α)J < 1 < (2 − α)(J + 1) for then all
further regularization terms vanish as ǫ → 0. In this case further analysis
shows that the factors kj are given by k1 = 2/(α− 1) and then
kj = − 1
[1 − j(2− α)]
j−1∑
q=1
kj−qkq ;
if instead, (2 − α)−1 = J is an integer, then the last factor kJ involves a
natural logarithm; see [1]. For α = 2, J = ∞, and all pj = 1. For all α ≤ 2
such a series provides a regularized potential for which the interacting theory
is continuously connected to the free theory as λ → 0. It is noteworthy
that when α < 2 a finite series of counterterms, each with a diminishing
divergence (i.e., pj+1 < pj), provides the proper regularized potential, a
property similar to that encountered when dealing with super renormalizable
quantum field theories. When α = 2 an infinite series of counterterms, all of
equal divergence (i.e., pj+1 = pj), leads to a suitable regularized potential,
a property similar to that of so-called strictly renormalizable quantum field
theories. For α > 2, on the other hand, there is no regularized potential
that leads to an interacting theory that is continuously connected to the
free theory. Of course, the proposed regularization terms based simply on
dimensionality do not know this fact, and it may be said that they do their
best to signal their inability to provide a solution to the problem by the
fact that when α > 2, the term-by-term divergence actually increases (i.e.,
pj+1 > pj), and moreover, pj →∞ as j →∞, a property which is reminiscent
of the behavior of nonrenormalizable quantum field theories.
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A brief summary
We have discussed this simple quantum mechanical model in some detail in
order to show what kind of singular behavior is possible even in quantum
mechanics. In particular, we observe that for α < 1, there is no anomalous
behavior in the quantum theory although there is anomalous classical behav-
ior. For 1 ≤ α ≤ 2, it can be arranged that there is no anomalous quantum
behavior although there always will be anomalous classical behavior. The
price to pay for this good quantum behavior is the introduction of regular-
ized quantum terms that entail a power series in the coupling constant λ.
For α > 2, on the other hand, there is no escaping the anomalous quantum
behavior no matter how one tries to regularize the quantum theory.
Field theory analog – a brief detour
We claim there is an analog with the above story for quantum mechanics
that plays out in quantum field theory as well. For sufficiently weak pertur-
bations, the interaction can be renormalized so that the resultant interacting
theory is continuously connected to the free theory as the coupling constant is
reduced to zero; this is the situation that applies to super renormalizable and
possibly to strictly renormalizable theories. For sufficiently strong perturba-
tions, the interaction cannot be renormalized so that the interacting theory
is continuously connected to the free theory. Instead, for such strong pertur-
bations, the interacting theories are connected to an appropriate pseudofree
theory. Later, we will bolster the argument that this is the situation which
should apply to nonrenormalizable theories. To make this leap of faith from
a singular family of classical problems and their associated quantum prob-
lems to a wide class of quantum field theories, it will be helpful to develop
a primary principle that captures the essence of the singular nature of the
interaction that leads to either a continuous connection with the original free
theory or instead leads to a continuous connection with a pseudofree theory.
Path Integral Formulation
The principle we adopt to describe the appearance of pseudofree theories is
that of a hard-core interaction. The concept behind this principle is most
simply appreciated in a functional integral representation of the associated
quantum system. This analysis works for either a real time or an imaginary
7
time functional integral, and for its better mathematical structure, we shall
choose the latter form. For the quantum mechanical problem that we have
so far been discussing, the associated imaginary time (Euclidean) functional
integral is given by
N
∫
e−
∫ {1
2
[x˙2 + x2] + λV (x)} dt Dx .
Although the Brownian-like paths x(t) that enter this functional integral
have a nowhere defined (i.e., divergent) derivative – a feature that is surely
unlike the classical theory – it is noteworthy that the distinction between the
behavior for α < 2 and α > 2 can nevertheless be won by simple classical
arguments. For classical paths consider the following simple inequality
|x(t2)− x(t1)| = |
∫ t2
t1
x˙(t) dt| ≤ |t2 − t1|1/2
[∫ t2
t1
x˙2(t) dt
]1/2
.
Assuming a finite value for the kinetic energy, it follows, for some K < ∞,
that
|x(t2)− xt1|−α ≥ K |t2 − t1|−α/2 .
Setting x(t2) = 0, the location of the singularity, we see that∫
|x(t)|−α dt ≥ K
∫
|t|−α/2 dt .
This inequality implies that for α > 2 the integral over the interaction term
diverges, while for α < 2 that is not necessarily the case. When the integral
over the interaction diverges, the contribution of that path is projected out
(by the factor e−∞) for any positive value of the coupling constant. And
as the coupling constant is reduced to zero, the contribution of that path
is never restored leading to the exclusion of that path in the definition of
the pseudofree theory. For the quantum mechanical problem previously dis-
cussed, this means that whenever α > 2, the contribution of all paths that
reach or cross the axis x = 0 are projected out of the functional integral; that
is the meaning of the statement that the interaction acts in part like a hard
core. Our simple argument involving the inequality derived from classical
paths does not have anything to say about what happens for α < 2, but that
does not diminish its importance for the region α > 2.
Before proceeding, let us restate some important issues that arose in our
analysis of the one dimensional quantum problem as discussed above. The
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model we studied had a clearly defined free theory (with λ ≡ 0) which is just
the usual harmonic oscillator. The free propagator (in imaginary time for
convenience) is readily given by the sum
〈x′′, T |x′, 0〉 =
∞∑
n=0
hn(x
′′) e−(n+1/2)T hn(x
′) ,
where the set of functions {hn(x)}∞n=0 are the Hermite functions defined by
the generating function
exp(−s2 + 2sx− 1
2
x2) = π1/4
∞∑
n=0
(n!)−1/2 (s
√
2)n hn(x) .
In the present case the pseudofree theory (denoted by a prime ′) has a prop-
agator defined by the expression
〈x′′, T |x′, 0〉′ = θ(x′′x′)
∞∑
n=0
hn(x
′′) e−(n+1/2)T [hn(x
′)− hn(−x′)] ,
where the function θ(u) = 1 if u > 0 and θ(u) = 0 if u < 0. It is the latter
expression that incorporates the hard core, projecting out all those paths in
the free harmonic oscillator propagator that reach or cross the value x = 0.
Note well: It is the pseudofree theory to which the interacting theories are
continuously connected as the coupling constant is reduced to zero. It is
the pseudofree theory around which a meaningful perturbation theory for
the singular perturbation can be constructed. From the point of view of a
Euclidean functional integral, if one attempted to expand a partially hard
core interaction about the free theory, this would lead to a series composed of
ever more divergent expressions. Regularization of that series would serve to
render those terms finite but it would also falsely imply that the interacting
theory was continuously connected to the free theory because the regularized
power series would reduce to the free theory when the coupling constant
is reduced to zero. This property of the regularized perturbation series is
entirely erroneous and misleading.
Moreover, the seed of the discontinuous nature of the perturbation about
the free theory is already evident in the classical theory itself. This situation
holds because the classical solutions of the interacting theory already do not
reduce to the solutions of the classical free theory as λ→ 0. Instead they pass
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to the classical solutions of the pseudofree theory as noted above. This result
has the important consequence that an indelible imprint of the fact that one
could be dealing with a discontinuous perturbation (of the free theory) can
be determined from an analysis of the classical interacting theory itself! The
nature of such an analysis is not too difficult; it rests on the determination
that the set of solutions of the interacting theory for arbitrarily small coupling
constant is not equivalent to the set of solutions of the free theory itself.
The criterion that a classical pseudofree theory be different from the clas-
sical free theory is necessary for a quantum pseudofree theory to be different
from a quantum free theory. However, the one dimensional example with
0 < α < 1 demonstrates that such a criterion is not sufficient to ensure that
the quantum theory also involves a pseudofree theory different from the free
theory.
Shifting the singularity from x = 0 to x = c
Suppose, instead of the singularity being at x = 0, we moved it to the point
x = c, where without loss of generality we can assume that c > 0. This means
that our basic potential is λ|x − c|−α. We now briefly summarize the main
changes that occur. First, the classical story. In this case, the free solution
given by q(t) = A cos(t − a) may remain unchanged if the overall classical
energy is sufficiently small, which occurs when |A| ≤ c. When |A| > c, two
solutions are possible, one of the form q(t) = max[A cos(t − a), c] with the
phase a adjusted so that the classical path continues to obey the equation
of motion. The second path is given by q(t) = min[A cos(t − a), c] with
the phase again adjusted so that the classical path solves the equation of
motion. The quantum theory for this case is such that the pseudofree theory
is defined by the harmonic oscillator Hamiltonian augmented by Dirichlet
boundary conditions at x = c. As a consequence, the eigenfunctions and
eigenvalues of the free harmonic oscillator are almost never relevant in the
construction of the pseudofree Hamiltonian. The same conclusions would
be drawn from an analysis of the Euclidean functional integral formulation
of the quantum theory. For α ≤ 2, a regularized potential qualitatively
similar to that discussed before, should be suitable to define an interaction
that is continuously connected to the free theory. For α > 2, however,
no regularized form of the potential leads to interacting theories that are
continuously connected to the free theory as the coupling constant passes to
zero. Any perturbation analysis of the interacting theory when α > 2 must
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take place about the pseudofree theory. It is noteworthy in this example that
as c → ∞ the classical solutions all tend to those of the free theory. It is
also true that as c → ∞, the pseudofree quantum theory passes to the free
quantum theory.
A remark on higher dimensional examples
Although these facts have been illustrated for a comparatively simple one-
dimensional classical/quantum model, it is not difficult to imagine analogous
situations in higher dimensional mechanical systems that lead to a corre-
sponding behavior. For example, a two-dimensional configuration space may
have a singular potential of the form λ(x2 + y2)−α. However, this exam-
ple does not lead to a discontinuous perturbation since, although there are
Brownian motion paths that pass through the singular point x = y = 0 and
which therefore need to be discarded, the set of such paths is only of measure
zero. To achieve a discontinuous perturbation, one would need a singularity
of co-dimension one such as offered by the potential λ|(x2 + y2) − 1|−α, for
example. There is a rich set of examples of this sort, but we shall not dwell
on them for we are after still bigger game, namely, those that arise for an
infinite number of variables!
Classical and Quantum Field Theory
Until now, we have seen simple models for which the interacting theory is not
continuously connected to the free theory as the coupling constant is reduced
to zero. In the classical regime, such a situation can be seen by comparing
the set of solutions allowed by the free classical theory with the set of solu-
tions allowed by the pseudofree classical theory. In those cases where the set
of solutions of the pseudofree classical theory is a proper subset of the set
of solutions of the free classical theory, we have a genuine situation where
the interacting theory has left an indelible imprint on the classical theory as
the coupling constant is reduced to zero. When it comes to an analysis of
the associated quantum theories, however, the classical results offer only a
partial guide. In certain cases, the interacting quantum theory is continu-
ously connected to the free theory, and thus there is no distinct pseudofree
quantum theory, even though the classical pseudofree and free theories differ
from one another; for example, this is the case for the one dimensional model
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when 0 < α < 1. In such a case, it is natural that a quantum perturbation
series about the free theory would be the proper choice. However, there is
still another option, and this is the one to which we wish to draw attention,
namely when the pseudofree quantum theory is distinct from the free quan-
tum theory. It is for such situations that the interacting quantum theory
is not continuously connected to the free quantum theory as the coupling
constant is reduced toward zero. It is in such cases that a perturbation se-
ries of the interaction taken about the free theory would be wrong while a
perturbation series about the pseudofree theory would be the proper choice;
for example, this is the case for the one dimensional models when α > 2.
Focus on the Ground State
We aim to carry these concepts from one dimensional systems to field theo-
retic systems. Functional integral formulations entail regularization such as
that offered by a lattice.
Consider the spacetime lattice formulation of a general problem phrased
as a scalar field theory. Let φk denote the field value at the lattice point
k = (k0, k1, k2, . . . , ks), where kj ∈ {0,±1,±2, . . .} ≡ Z, k0 refers to the
(future) temporal direction, and the remaining kj, 1 ≤ j ≤ s, denote the s
spatial directions; for a quantum mechanical problem, s = 0. Assume that
spacetime is replaced by a periodic, hypercubic lattice with L points on an
edge and Ls ≡ N ′ lattice points in a spatial slice.
In this section we first wish to argue that moments of expressions of
interest in the full spacetime distribution can be bounded by suitable averages
of related quantities in the ground state distribution. In particular, let the
full spacetime average on a lattice be given by
〈 [Σk0F (φ, a)a]p〉 ≡M
∫
[Σk0F (φ, a)a]
p e−I(φ, a, ~) Πkdφk ,
where I is the lattice action, Σk0 denotes a summation over the temporal
direction k0 only, and F (φ, a) is an expression that depends only on fields
φk at a fixed value of k0. For example, one may consider F (φ, a) = Σ
′
kφ
4
ka
s
or F (φ, a) = Σ′k,lΩk,lφkφla
2s, for some c-number kernel Ωk,l, etc., where the
primed sum implies summation over a spatial slice at fixed k0. It follows that
〈 [Σk0F (φ, a)a]p〉 = Σk0,...,k0 ap 〈F (φ1, a) · · ·F (φp, a)〉 ,
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where each φj refers to the fields at Euclidean time “k0 = j”. A straightfor-
ward inequality shows that
|〈F (φ1, a) · · ·F (φp, a)〉| ≤ |〈F (φ1, a)p 〉 · · · 〈F (φp, a)p〉|1/p .
Finally, for sufficiently large N ′(bas), we note that
〈F (φ, a)p〉 =
∫
F (φ, a)pΨ(φ)2Π′kdφk ,
namely, an average in the ground state distribution. The argument behind
the last equation is as follows. Quite generally,
〈F (φ, a)p〉 =M∑l
∫
〈φ|l〉e−ElT 〈l|φ〉F (φ, a)p Π′kdφk ,
where we have used the resolution of unity 1 =
∫ |φ〉〈φ|Π′kdφk for states for
which φˆ(x)|φ〉 = φ(x)|φ〉, as well as the eigenvectors |l〉 and eigenvalues El
for which H|l〉 = El |l〉. For asymptotically large T , it follows that only the
(unique) ground state contributes, and the former expression becomes
〈F (φ, a)p〉 =
∫
F (φ, a)p |〈φ|0〉|2Π′kdφk ,
now with M = 1, which is just the expression given above.
In summary, for a finite, hypercubic lattice with periodic boundary con-
ditions, we have derived an important result: If the sharp time average
of [F (φ, a)]p is finite, then it follows that the spacetime average of
[Σk0F (φ, a)a ]
p is also finite.
Ultralocal Scalar Quantum Fields
As we have done before, we want to illustrate the existence of a pseudofree
quantum field theory distinct from any free quantum field theory by means
of a straightforward and soluble example. The example we have in mind
is the so-called ultralocal scalar quantum field theory. This model has been
rigorously solved previously, and its most complete story can be found in
Chap. 10 of [1]. We start with a brief summary of this model based on that
rigorous, nonperturbative analysis. Later we show how a simple and natural
argument arrives at a completely satisfactory solution as well. The advantage
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of having this simple, alternative argument is that it can be generalized to
realistic, relativistically covariant model quantum field theories.
The classical Hamiltonian for a scalar ultralocal field theory with a quartic
nonlinear interaction is given by
H =
∫ { 1
2
[π(t, x)2 +m20φ(t, x)
2] + g0φ(t, x)
4} dsx .
Here, s is the number of spatial dimensions which is one less than the number
n of spacetime dimensions, s = n − 1. Note well the absence of spatial
derivatives in this expression. Clearly this is not a relativistic model; rather it
is a mathematical model that will teach us a great deal when it is successfully
quantized.
Initially, we note that there are many functions φ(t, x) such that
∫
[φ˙(t, x)2 +m20φ(t, x)
2 ] dtdsx <∞ , ∫ φ(t, x)4 dtdsx =∞ ,
a fact which implies that there is a classical pseudofree theory distinct from
the classical free theory. This is an important preliminary remark as we try
to determine the status of the quantum theory.
However, let us first make a few remarks about the classical properties of
such models.
Classical features
The classical equations of motion for this model are given by
φ¨(t, x) +m20φ(t, x) + 4g0φ(t, x)
3 = 0 .
Indeed, the variable x is strictly a spectator variable in this equation, and
we can relegate it to a subsidiary role simply by rewriting the equation of
motion as
φ¨x(t) +m
2
0φx(t) + 4g0φx(t)
3 = 0 ,
which shows the equation of motion is simply that of an independent anhar-
monic oscillator at each point of space. Its solution is given by φ(t, x) ≡ φx(t),
where the latter function is based on the initial data, e.g., φ(0, x) ≡ φx(0)
and φ˙(0, x) ≡ φ˙x(0), two functions of x which may be taken to be continuous
in x, but need not be so.
Indeed, thanks to the independence of the solution for distinct x values,
one may readily discretize this model by replacing the spatial continuum by
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a hypercubic spatial lattice with a lattice spacing a and L sites on each edge,
which leads to a spatial volume give by V ′ ≡ (La)s ≡ N ′as. To begin, we
may replace the classical Hamiltonian by a lattice regularized version given
by
Hreg =
∑′
k{ 12 [πk(t)2 +m20φk(t)2] + g0φk(t)4} as ,
where k ∈ Zs; this expression is nothing but a Riemann sum approximation to
the integral given above, and it will converge to the former with x = lim ka,
as the lattice spacing a converges to zero. This regularized Hamiltonian gives
rise to the regularized equations of motion
φ¨k(t) +m
2
0φk(t) + 4g0φk(t)
3 = 0 ,
and even this set of discrete equations of motion converge to the continuum
form of the equation of motion as a→ 0 and ka→ x.
Free ultralocal field theory
An important limiting case arises when g0 = 0 which is the free theory given
by the free Hamiltonian
H0 =
1
2
∫
[π(t, x)2 +m20φ(t, x)
2 ] dsx .
The associated free equations of motion are given by
φ¨(t, x) +m20φ(t, x) = 0 ,
with a solution given in terms of the initial data φ(0, x) ≡ φx(0) and φ˙(0, x) ≡
φ˙x(0), by the relation
φ(t, x) = φx(0) cos(m0 t) +m
−1
0 φ˙x(0) sin(m0 t) ,
along with π(t, x) = φ˙(t, x), or specifically by
π(t, x) = −m0φx(0) sin(m0 t) + φ˙x(0) cos(m0 t) .
The lattice regulated free Hamiltonian and the associated free solution is also
easily given by
H0 =
1
2
∑′
k[πk(t)
2 +m20φk(t)
2 ] as ,
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as well as
φk(t) = φk(0) cos(m0 t) +m
−1
0 φ˙k(0) sin(m0 t) ,
πk(t) = −m0φk(0) sin(m0 t) + φ˙k(0) cos(m0 t) .
The free model is therefore nothing but an infinite number of identical har-
monic oscillators all with the same angular frequency m0! Clearly, as a→ 0
and ka → x, the regularized solutions φk(t) and πk(t) converge to the con-
tinuum solutions φ(t, x) and π(t, x).
Quantum Theory – First Look
We start the discussion of the quantum theory with the free theory. We pro-
mote the classical field at time t = 0 (and then suppress the time argument)
to an operator field φ(x)→ φˆ(x) as well as promote the classical momentum
π(x)→ πˆ(x), subject to the canonical commutation relation (in units where
~ = 1)
[φˆ(x), πˆ(y)] = iδ(x− y) .
The free quantum Hamiltonian H0 is then written as
H0 = 12
∫
[: πˆ(x)2 +m20 φˆ(x)
2 :] dsx ,
where, as usual, the notation : (·) : denotes normal ordering (all creation
operators to the left of all annihilation operators). We denote by |00〉 the
nondegenerate ground state of H0 for which H0 |00〉 = 0 holds, thanks to the
normal ordering which removes the (infinite) zero-point energy.
An important relation that characterizes the ground state eigenstate is
the expectation functional
E0(f) ≡ 〈00|ei
∫
φˆ(x)f(x) dsx |00〉 = e−(1/4m0)
∫
f(x)2 dsx .
Indeed, the structure of this functional as the exponential of a local inte-
gral of f(x) is dictated by the fact that the temporal development of the
operators at any point x is ultralocal, i.e., the temporal development at x is
completely independent of the time development at a different spatial point
x′. This behavior carries over to the case of the interacting ultralocal model
as well, and one expects that whatever the full Hamiltonian operator H is,
16
and whatever the associated ground state |0〉 is, for which H|0〉 = 0 holds,
the ground state expectation functional has the form
E(f) = 〈0|ei
∫
φˆ(x)f(x) dsx |0〉 = e−
∫
L[f(x)] dsx ,
for some suitable choice of the function L[u].
A canonical representation for the function L[u] is readily determined.
We focus on those cases that are even functions L[−u] = L[u], which are
then real and satisfy L[0] = 0 and otherwise L[u] ≥ 0. Let f(x) ≡ pχ∆(x),
where χ∆(x) ≡ 1 if x ∈ ∆ and zero otherwise; moreover, as a modest abuse
of notation, we also set
∫
χ∆(x) d
sx = ∆ as well. Thus
〈0|ei
∫
φˆ(x)f(x) dsx |0〉 = e−∆L[p] ≡
∫
cos(pλ) dµ∆(λ) ,
where we have made use of the symmetry of L[u], and the fact that for each
∆ > 0 we are dealing with a characteristic function (Fourier transform of a
probability measure µ∆). Thus,
L[p] = lim
∆→0
∆−1
∫
[1− cos(pλ)] dµ∆(λ) .
Based on this expression, and assuming convergence, it is clear that the most
general function L[u] is given by the relation
L[u] = au2 +
∫
λ6=0
[1− cos(uλ)] dσ(λ) ,
where a ≥ 0 and σ(λ) is a nonnegative measure such that
∫
λ6=0
[λ2/(1 + λ2)] dσ(λ) <∞ .
The free model solution obtained above is one for which a = 1/(4m0) and
σ = 0. Let us assume hereafter that a = 0 and σ 6= 0. Observe that it is
possible that ∫
λ6=0
dσ(λ) =∞ ,
and in fact this will be the case for the solutions of interest to us because we
insist that the spectrum of the field operator φˆ(x) is absolutely continuous,
and thus for any ∆ > 0, it is necessary that
lim
p→∞
e−∆L[p] = 0 .
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For simplicity in what follows, we assume that the measure σ(λ) is abso-
lutely continuous, and we respect that assumption by setting
dσ(λ) = c(λ)2 dλ ,
where c(λ) is known as the “model function”. It has been found that the
choice of the model function completely characterizes the ultralocal model
under consideration, and, importantly, apart from the free model, all non-
linear ultralocal models are described by the situation where a = 0 and the
model function c(λ) > 0 [1].
Model function
To ensure that the model function c(λ) has a suitable singularity at λ = 0,
we focus our attention on model functions of the form
c(λ) = (b∆)1/2
e−y(λ)/2
|λ|γ ,
where y(0) = 0, γ = 1/2, and b is a positive constant with dimensions L−s.
[Remark: Other γ values in the range 1/2 < γ < 3/2, which are discussed
in [1], can be obtained by suitable, invertible, changes of variables from the
case where γ = 1/2.] As a consequence, it follows that
E(p) ≡ 〈0|eipQ |0〉
= e
−(b∆)∫ [1− cos(p λ)] e−y(λ)|λ| dλ
≃ (b∆)
∫
cos(p λ)
e−y(λ)
|λ|1−2b∆ dλ ,
where Q ≡ ∫ φˆ(x)χ∆(x) dsx and the last relation holds when 0 < b∆ ≪
1. Observe that the prefactor b∆ in the last expression is an approximate
normalization factor (and an asymptotically correct one!) for the ground
state distribution.
This latter form of the expectation function for a single degree of freedom
readily extends to an infinite set of such fields, with p = {pk} now, such that
E∆(p) =
∏′
k
[
(b∆)
∫
cos(pk φk)
e−y(φk)
|φk|1−2b∆ dφk
]
.
18
Let us consider Σkpkχ∆(x − ka), where here we have in mind that χ∆(x)
denotes a small hypercubic cell around the origin of area ∆ = as. As ∆ =
as → 0 and Σkpkχ∆(x− ka)→ f(x), it follows that
lim
∆→0
E∆(p) = E(f) = 〈0|ei
∫
φˆ(x)f(x) dsx |0〉
= exp{−∫ dsx ∫ [1− cos(f(x)λ)] e−y(λ) dλ/|λ|} .
This last relation allows us to identify the regularized ground state of
a general ultralocal theory as given (with ~ temporarily restored) by the
expression
Ψ(φ) ≡∏′k (b∆)1/2 e
−y(φk, a, ~)/2~
|φk|1/2−b∆
≡∏′kΨk(φk) .
Given that this expression represents the ground state, it then follows that
the regularized Hamiltonian is given by
H∆ =
∑′
k
[
− 1
2
~
2 ∂2
∂φ2k
a−s + 1
2
~
2 1
Ψk(φk)
∂2Ψk(φk)
∂φ2k
a−s
]
≡ −1
2
∑′
k~
2 ∂2
∂φ2k
a−s + V(φ) ,
where, for the choice of Ψ(φ) given above,
V(φ) ≡∑′k [18y′(φk, a, ~)2 − 14 ~y′′(φk, a, ~) + 12 ~γr y′(φk, a, ~)φ−1k
+1
2
~
2γr(γr + 1)φ
−2
k ] ;
here
γr ≡ 12 − b∆ = 12 − bas .
.
Consider the pseudofree ultralocal case for which
y(φk, a, ~) = m0φ
2
ka
s .
For this choice, it follows that
Vpf(φ) ≡ 12
∑′
k [m
2
0φ
2
ka
s − ~m0(1− 2γr) + ~2γr(γr + 1)φ−2k a−s ] .
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Given the Hamiltonian for this case we can immediately determine the
lattice action for this pseudofree ultralocal model. In particular, it follows
that
Ipf =
∑
k{12 [(φk# − φk)2an−2+m20φ2kan+ ~2 (12 − bas)(32 − bas)a−2sφ−2k an ]} .
In this expression the factor k# signifies the next lattice point advanced
by one unit in the time direction, i.e., if k = (k0, k1, . . . , ks) then k
# =
(k0 + 1, k1, . . . , ks). Note well that any constant term (zero point energy) in
the Hamiltonian cancels out with a similar term in the normalization factor in
the functional integral and need not be included in the lattice action. Observe
that the classical limit for which ~→ 0 accompanied by the continuum limit
leads to the classical (Euclidean) action for the free ultralocal model.
Interacting ultralocal models
Drawing on the foregoing analysis of the pseudofree ultralocal model, we
may give a brief discussion of interacting ultralocal models. The quartic
interaction in the lattice action leads to a lattice Hamiltonian of the form
H = −1
2
~
2
∑′
k
∂2
∂φ2k
+ V(φ) ,
where
V(φ) =∑′k [ 12m20φ2kas + λ0φ4kas + 12~2γr(1 + γr)φ−2k a−s ]−E .
The constant E is chosen so that the ground state Ψ(φ) fulfills HΨ(φ) = 0.
Unfortunately, the form of the expression y(φ, a, ~) that is part of the ground
state function is unknown, but it surely has the property that as λ0 → 0, then
y(φ, a, ~)→ m0φ2as appropriate to the pseudofree model. Stated otherwise,
the quartic interacting theory is continuously connected to the pseudofree
model as advertised.
Although we can not analytically describe the ground state for the quartic
ultralocal model, we can, as another example, choose a nonquadratic form
for y(φ, a, ~) and see to what interacting model it belongs. For example, let
us consider
y(φ, a, ~) = m0φ
2as + g0φ
4as ,
which leads to the potential
V(φ) =∑′k 12{m20φ2k + 4m0g0φ4k + 4g20φ6k − 12~[m0(1− 2γr) + 2g0(2γr − 3)φ2k]
+~2γr(1 + γr)φ
−2
k }as .
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Evidently this choice describes a model with a mixed quadratic, quar-
tic, and sixth order potential. The first three terms – those without ~ as a
coefficient – survive in the classical limit as ~ → 0. Again, as the nonlin-
ear coupling g0 → 0, it follows that this interacting model is continuously
connected to the pseudofree model.
Another Route to Quantize Ultralocal Models
Let us now derive the pseudofree ultralocal model by an alternative argument.
First, we recognize the free model and its ground state on a regularizing
lattice as given by
Ψ0(φ) =
√
K e−12m0Σ′kφ2kas ,
which gives rise to the ground state expectation functional
E0(f) = lim
∆→0
K
∫
eiΣ
′
kpkφka
s −m0Σ′kφ2kas Π′kdφk
= e−(1/4m0)
∫
f(x)2 dsx .
Perturbations in the mass for example would involve expressions of the form
Ip(m0) ≡ K
∫
[Σ′kφ
2
ka
s]p e−m0Σ′kφ2kas Π′kdφk ,
for which the result is clearly divergent in the continuum limit where the
number N ′ of spatial lattice points diverges. It is instructive to see just
where that N ′ factor originates, and to do so we pass to hyper-spherical
coordinates defined by the expressions
φk ≡ κηk , κ ≥ 0 , −1 ≤ ηk ≤ 1 ,
κ2 ≡ Σ′kφ2k , 1 = Σ′kη2k .
In terms of these variables, it follows that
Ip(m0) = 2K
∫
[κ2as]p e−m0κ2as κN ′−1dκ δ(1− Σ′kη2k) Π′kdηk .
For large N ′, this integral may be estimated by steepest descent methods as
Ip(m0) = O((N
′/m0)
p) I0(m0) .
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Moreover, in a perturbation calculation of I1(m0) about I1(1) (say) it follows
that
I1(m0) = I1(1)− δm0I2(1) + 12 δm02I3(1)− · · · ,
where δm0 ≡ m0 − 1. Clearly this series is divergent as N ′ → ∞, i.e., in
the continuum limit. Note well that N ′ makes an explicit appearance in this
series only in the factor κN
′−1 that arises from the measure Π′kdφk put into
hyper-spherical coordinates.
To eliminate those divergences we need to eliminate that appearance of
the factor N ′. The only way to eliminate that factor is to change the ground
state from that of the free system to that of the pseudofree system that takes
account of the hard core. To attack the hard core directly is difficult and
has so far not been a productive direction to follow. But, and here is the
main point of this discussion: To eliminate the factor N ′ that arises
from the field measure it suffices to ensure that the ground state
distribution for the pseudofree theory is such that
Ψ2pf(φ) ∝ κ−(N
′−R) e−m0Σ′kφ2kas
for some finite parameter R.
For the ultralocal model, we shall more explicitly choose a ground state
for the pseudofree model of the form
Ψpf(φ) = K
′Π′k|φk|−(1−R/N
′)/2 e−12m0φ2kas ,
which leads to the desired form and respects the ultralocal symmetry of the
model. How do we choose R? We require that this expression have an
acceptable continuum limit, which we study by examining the characteristic
function for the ground state distribution, i.e.,
Epf(f) = lim
a→0
Π′kK
∫
eipkφka
s −m0φ2kas |φk|−(1−R/N ′)Π′kdφk
= lim
a→0
Π′k{1−K
∫
[1− eipkφkas ] e−m0φ2kas |φk|−(1−R/N ′)Π′kdφk} .
The only way to achieve a meaningful continuum limit is, first, (effectively)
choose m0 = (ba
s)m, where b is an arbitrary positive parameter with di-
mensions of L−s, which, after a change of variables (φk → a−sλk), yields to
leading order,
Epf(f) = lim
a→0
Π′k{1−K
∫
[1− eipkλk ] e−bmλ2k |λk|−(1−R/N ′)Πkdλk} ,
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and, second, choose K = c(bas) [which fixes R to be R = 2c(bas)N ′], and
thus
Epf(f) = e
−cb∫ dsx∫ {1− cos[f(x)λ]} e−bmλ2 dλ/|λ| .
Normally, the dimensionless factor c has been chosen as c = 1 or c = 1
2
, but
any positive value is acceptable.
It is of fundamental importance to observe that we have derived a cor-
rect version of the pseudofree ultralocal model by the simple act of choosing
the pseudofree ground state distribution to cancel the unwanted factor N ′,
the very factor that causes the divergences in the first place, and then to
ensure as meaningful a continuum limit as possible. This simple act ensures
that all the moments of interest are now finite and no infinities arise what-
soever. Since this action has the effect of cancelling all divergences, it acts
in all necessary ways as would the presumed hard core. In particular, the
so-defined, divergence-free interacting theory does not pass continuously to
the free theory but instead it passes to an alternative theory, namely, the
pseudofree theory. That kind of limiting behavior is the biggest clue to the
fact that the interaction acts as a (partial) hard core. Does the simple act
of removing the offending factor N ′ accurately correspond to including the
effects of the hard core? In fact, it really doesn’t matter if the elimination of
the factor N ′ is an accurate realization of the hard core; the putative “hard
core” has already rendered an important service by refocussing our atten-
tion beyond those counter terms that are suggested by perturbation theory.
Additionally, the study of the soluble ultralocal models has helped us clarify
the question of whether removing the factor N ′ corresponds to accounting
for the hard core. Specifically, the solution obtained from a rigorous view-
point is identical to the one obtained by the supremely simple prescription of
choosing a suitable pseudofree model that eliminates the offending factor N ′.
In this sense, the removal of the cause of the divergences, i.e., the factor N ′,
has rendered the theory finite in all respects, and since the result completely
agrees with the rigorously obtained result, we are certainly entitled to assert
that the removal of the factor N ′ has accounted for the presence of the hard
core in the case of ultralocal models.
We shall see that this breathtakingly elementary procedure, coupled with
a judicious choice of further details of the pseudofree model, will provide
a divergence-free formulation of additional examples of nonrenormalizable
models, formulations that would be difficult to arrive at by any other means.
It is reasonable that the procedure to eliminate the source of divergences
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caused by the measure should apply to other models which, in some sense, are
“close” to ultralocal models. It is also reasonable to expect that traditional
nonrenormalizable models are good candidates on which to try a similar
approach to deal with otherwise uncontrollable divergences.
Relativistic Models
The classical (Euclidean) action for covariant, quartic self interacting scalar
fields is given by
I =
∫ {1
2
[(∇φ(x))2 +m20φ(x)2] + λ0φ(x)4} dnx ,
for an n-dimensional spacetime. To discuss the classical side of the pseudofree
situation, we recall a classical Sobolev-type inequality (see, e.g., [1]) given by
{∫ φ(x)4 dnx}1/2 ≤ c∫ [(∇φ(x))2 +m20φ(x)2] dnx ,
which for n ≤ 4 holds with c = 4/3 and for n ≥ 5, requires that c = ∞.
This result implies that for n ≥ 5, there are fields φ(x) for which the free
part of the classical action is finite but for which the quartic interaction
diverges. These are just the conditions under which a classical pseudofree
theory different from the classical free theory exists. Thus it is possible when
n ≥ 5 that the quantum theory also has a pseudofree theory different from
its free theory.
We recall that a lattice regularized form of the Euclidean functional in-
tegral with only two free parameters (m0 and λ0) has been shown to pass
to a (generalized) free theory in the continuum limit [2]; thus a richer vari-
ety of renormalization counterterms is required to avoid triviality. Since, for
n ≥ 5 the quantum theories are perturbatively nonrenormalizable leading
to a perturbation series composed of infinitely many distinct counterterms,
such an approach does not resolve the problem. Our goal is to show that
an unconventional counterterm suggested by what is needed to remove the
source of the divergences can lead to a satisfactory resolution of all problems
with the relativistic models. To that end we now turn our attention to a
very different sort of lattice regularized functional integral formulation for
self interacting relativistic scalar fields.
In particular, relativistic interacting scalar models admit an analogous
treatment to that of the ultralocal models, and in our present discussion we
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follow reference [3]. In begin with, let us introduce a lattice action defined
by the expression
I(φ, a, ~) ≡ 1
2
∑
k (φk∗ − φk)2 an−2 + 12m20
∑
kφ
2
k a
n
+λ0
∑
kφ
4
k a
n + 1
2
~
2
∑
kFk(φ)an ,
where there is an implicit summation over all n nearest neighbors in the
positive sense symbolized by the notation k∗, and where the nonclassical
counterterm is
Fk(φ) ≡ 1
4
(N ′ − 1
N ′
)2
a−2s
∑′
r, t
Jr,kJt,kφ
2
k
[Σ′lJr, lφ
2
l ][Σ
′
mJt,mφ
2
m]
−1
2
(N ′ − 1
N ′
)
a−2s
∑′
t
Jt,k
[Σ′mJt,mφ
2
m]
+
(N ′ − 1
N ′
)
a−2s
∑′
t
J2t,kφ
2
k
[Σ′mJt,mφ
2
m]
2
.
Here,
Jk, l ≡ 1
2s+ 1
δk, l∈{k∪knn} ,
where δk,l is a Kronecker delta. This latter notation means that an equal
weight of 1/(2s + 1) is given to the 2s + 1 points in the set composed of
k and its 2s nearest neighbors in the spatial sense only; Jk, l = 0 for all
other points in that spatial slice. [Specifically, we define Jk, l = 1/(2s + 1)
for the points l = k = (k0, k1, k2, . . . , ks), l = (k0, k1 ± 1, k2, . . . , ks), l =
(k0, k1, k2± 1, . . . , ks),. . . , l = (k0, k1, k2, . . . , ks± 1).] This definition implies
that Σ′lJk, l = 1.
For the ultralocal model, the analog of the constants Jk, l is the Kronecker
delta, i.e., δk, l. In that case it was important to respect the physics of the
ultralocal model with no interaction between fields at distinct (lattice) points.
For the relativistic models, on the other hand, there is indeed communication
between spatially neighboring points and we can use that fact to provide a
lattice-symmetric, regularized form of the denominator factor. Moreover,
the lack of integrability at φk = 0, for each k, which was critical for the
ultralocal models to ensure that the ground state becomes a generalized
Poisson distribution in the continuum limit, is exactly what is not wanted in
the case of the relativistic models. This latter fact is ensured by the factors
Jk, l as chosen.
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We first focus on our choice of the pseudofree model in the relativistic
case, which is chosen somewhat differently than in the ultralocal case. Specif-
ically, we define the generating function for the lattice regularized, covariant
pseudofree model by
Spf(h) = Mpf
∫
exp[Z−1/2Σkhkφka
n/~− 1
2
∑
k (φk∗ − φk)2an−2/~
−1
2
~
∑
kFk(φ)an] Πkdφk ;
here, Z denotes the so-called field strength renormalization constant to be
discussed below. Associated with this choice of the pseudofree generating
function is the lattice Hamiltonian for the pseudofree model, which (with the
zero point energy subtracted) reads
Hpf = −12 ~2 a−s
∑′
k
∂2
∂φ2k
+ 1
2
∑′
k (φk∗ − φk)2as−2 + 12 ~2
∑′
kFk(φ) as −E0 .
Lastly, we introduce the expression for the pseudofree ground state
Ψpf(φ) =
√
K
e−Σ′k,lφkAk−lφla2s/2~−W (φa(s−1)/2/~1/2)/2
Π′k[Σ
′
lJk,lφ
2
l ]
(N ′−1)/4N ′
,
which, in effect, was chosen first, and then the lattice Hamiltonian and the
lattice action were derived from it. We discuss the (unknown) function W
below; however, we observe here that the other factors in Ψpf(φ) properly
account for both the large field and small field behavior of the ground state.
In the next section we discuss the continuum limit, and in doing so we
are again guided by the discussion in [3].
Continuum Limit
Before focusing on the limit a → 0 and L → ∞, we note several important
facts about ground-state averages of the direction field variables {ηk}. First,
we assume that such averages have two important symmetries: (i) averages
of an odd number of ηk variables vanish, i.e.,
〈ηk1 · · · ηk2p+1〉 = 0 ,
and (ii) such averages are invariant under any spacetime translation, i.e.,
〈ηk1 · · · ηk2p〉 = 〈ηk1+l · · · ηk2p+l〉
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for any l ∈ Zn due to a similar translational invariance of the lattice Hamilto-
nian. Second, we note that for any ground-state distribution, it is necessary
that 〈η2k 〉 = 1/N ′ for the simple reason that Σ′kη2k = 1. Hence, |〈ηkηl〉| ≤ 1/N ′
as follows from the Schwarz inequality. Since 〈 [Σ′kη2k ]2〉 = 1, it follows that
〈η2kη2l 〉 = O(1/N ′2). Similar arguments show that for any ground-state dis-
tribution
〈ηk1 · · · ηk2p〉 = O(1/N ′p) ,
which will be useful almost immeadiately.
Field strength renormalization
For {hk} a suitable spatial test sequence, we insist that expressions such as∫
Z−p [Σ′khkφk a
s]2pΨpf(φ)
2Π′kdφk
are finite in the continuum limit. Due to the intermediate field relevance of
the factor W in the pseudofree ground state, an approximate evaluation of
the integral will be adequate for our purposes. Thus, we are led to consider
K
∫
Z−p [Σ′khkφk a
s]2p
e−Σ′k,lφkAk−lφl a2s/~−W
Π′k[Σ
′
lJk,lφ
2
l ]
(N ′−1)/2N ′
Π′kdφk
≃ 2K0
∫
Z−pκ2p [Σ′khkηk a
s]2p
×e
−κ2Σ′k,lηkAk−lηl a2s/~
Π′k[Σ
′
lJk,lη
2
l ]
(N ′−1)/2N ′
dκ δ(1− Σ′kη2k) Π′kdηk ,
where K0 is the normalization factor when W is dropped. Our goal is to
use this integral to determine a value for the field strength renormalization
constant Z. To estimate this integral we first replace two factors with η vari-
ables by their appropriate averages. In particular, the quadratic expression
in the exponent is estimated by
κ2Σ′k,lηkAk−lηl a
2s ≃ κ2Σ′k,lN ′ −1Ak−l a2s ∝ κ2N ′a2sa−(s+1) ,
and the expression in the integrand is estimated by
[Σ′khkηk a
s]2p ≃ N ′ −p [Σ′khk as]2p .
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The integral over κ is then estimated by first rescaling the variable κ2 →
κ2/(N ′as−1/~), which then leads to an overall integral estimate proportional
to
Z−p [N ′as−1]−pN ′−p [Σ′khk a
s]2p ;
at this point, all factors of a are now outside the integral. For this result to
be meaningful in the continuum limit, we are led to choose Z = N ′ −2a−(s−1).
However, Z must be dimensionless, so we introduce a fixed positive quantity
q with dimensions of an inverse length, which allows us to set
Z = N ′ −2 (qa)−(s−1) .
Mass and coupling constant renormalization
A power series expansion of the mass and coupling constant terms lead to
the expressions 〈 [m20Σkφ2kan ]p 〉 and 〈 [λ0Σkφ4kan ]p〉 for p ≥ 1, which we treat
together as part of the larger family governed by 〈 [g0,r Σkφ2rk an ]p 〉 for integral
r ≥ 1. Thus we consider
K
∫
[g0, rΣ
′
kφ
2r
k a
s]p
e−Σ′k,lφkAk−lφl a2s/~−W
Π′k[Σ
′
lJk,lφ
2
l ]
(N ′−1)/2N ′
Π′kdφk
≃ 2K0
∫
gp0, rκ
2rp [Σ′kη
2r
k a
s]p
×e
−κ2Σ′k,lηkAk−lηl a2s/~
Π′k[Σ
′
lJk,lη
2
l ]
(N ′−1)/2N ′
dκ δ(1− Σ′kη2k) Π′kdηk .
The quadratic exponent is again estimated as
κ2Σ′k,lηkAk−lηl a
2s ∝ κ2N ′a2sa−(s+1) ,
while the integrand factor
[Σ′kη
2r
k ]
p ≃ N ′pN ′−rp .
The same transformation of variables used above precedes the integral over
κ, and the result is an integral, no longer depending on a, that is proportional
to
gp0, rN
′−(r−1)pasp/N ′rpa(s−1)rp .
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To have an acceptable continuum limit, it suffices that
g0, r = N
′(2r−1) (qa)(s−1)r−s gr ,
where gr may be called the physical coupling factor. Moreover, it is notewor-
thy that Zr g0, r = [N
′ (qa)s]−1 gr, for all values of r, which for a finite spatial
volume V ′ = N ′as leads to a finite nonzero result for Zrg0, r. It should not
be a surprise that there are no divergences for all such interactions because
the source of all divergences has been neutralized!
We may specialize the general result established above to the two cases
of interest to us. Namely, when r = 1 this last relation implies that m20 =
N ′ (qa)−1m2, while when r = 2, it follows that λ0 = N
′ 3 (qa)s−2λ. In these
cases it also follows that Zm20 = [N
′ (qa)s ]−1m2 and Z2λ0 = [N
′ (qa)s ]−1λ,
which for a finite spatial volume V ′ = N ′as leads to finite nonzero results for
Zm20 and Z
2λ0, respectively.
Conclusion
For covariant scalar nonrenormalizable quantum field models, we have shown
that the choice of a nonconventional counterterm, but one that is still non-
classical, leads to a formulation for which a perturbation analysis of both the
mass term and the nonlinear interaction term, expanded about the appro-
priate pseudofree model, are term-by-term finite.
Coupled with the discussion for the ultralocal models, it is evident that
the present analysis would suggest a related formulation for so-called Di-
astrophic Quantum Field Theories introduced by the author in [4]. These
models are distinguished by the fact that they can be viewed as fully rela-
tivistic models modified so that some (but not all) of the spatial derivatives
are dropped; thus these models lie, in a certain sense, between the relativistic
and ultralocal models.
It is also hoped that some of these ideas may have relevance in one or
more formulations of quantum gravity, such as, for example, in the program
of Affine Quantum Gravity introduced by the author; see [5].
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